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Magnetohydrodynamics

Magnetohydrodynamics (MHD) is a description of a plasma as a

single electrically conducting fluid interacting with a magnetic field.

To simplify, I will assume that the fluid is incompressible. The basic

equations are obtained by coupling Navier–Stokes with Maxwell:
∂tu + u · ∇u +∇p− ν∆u = J× B,

∂tB +∇× E = 0,

∇ · u = 0, ∇ · B = 0.

(MHD)

Here u : Rt × R3
x → R3 is the bulk plasma velocity field,

p : Rt ×R3
x → R is the bulk plasma pressure, ν ≥ 0 is the viscosity

coefficient, J : Rt × R3
x → R3 is the current vector field and

(B,E) : Rt × R3
x → R3 × R3 are the magnetic and electric fields

associated to a plasma.
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Magnetohydrodynamics (continued)

To close the system in terms of (u,B), we add effective laws for J

and E.

• Ampére’s law

J = ∇× B

• Ohm’s law

E + u× B = ηJ.

The case ν = η = 0 is called the ideal MHD system; the case

η > 0 is the resistive MHD system. These were introduced and

studied by H. Alfvén.

Unfortunately, these simple systems do not seem to be able to

describe certain phenomena that involves large current (e.g., the

phenomenon of magnetic reconnection in solar flares) in a

satisfactory way. We need a more precise model!
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Hall-MHD

Plasmas are made up of (lighter, smaller) electrons and (heavier,

larger) ions. The ideal and resistive MHD’s work nicely at scales

larger than those of both ions and electrons. However, at smaller

scales where the relative motion of electrons and ions become

relevant, Ohm’s law attains a correction proportional to J× B,

called the Hall current term: E + u× B = ηJ + J× B.

The resulting system, first introduced by M. J. Lighthill, is referred

to as the Hall–MHD system:
∂tu + u · ∇u +∇p− ν∆u = B · ∇B,

∂tB + u · ∇B− B · ∇u +∇× ((∇× B)× B) = η∆B,

∇ · u = 0, ∇ · B = 0.

The term in blue represents the Hall current term. The term in red

represents resistivity.
3



The Cauchy problem for Hall-MHD without resistivity

To focus on the effect of the newly added Hall current term

∇× ((∇× B)× B), we will consider the case when the resistivity

η is zero. (In settings of physical interest, η > 0 but very small!)
∂tu + u · ∇u +∇p− ν∆u = B · ∇B,

∂tB + u · ∇B− B · ∇u +∇× ((∇× B)× B) = 0,

∇ · u = 0, ∇ · B = 0.

We will focus on the basic problem of:

Wellposedness of the Cauchy problem for (Hall-MHD)

Given the values of u(0) and B(0) at time 0, find a unique

solution u(t),B(t) to (Hall-MHD) (with η = 0) with such initial

data, that moreover depends continuously on the initial data.
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Cauchy problem for (Hall-MHD) with η = 0

For now, let us focus on

Wellposedness of the Cauchy problem for (Hall-MHD)

Given the values of u(0) and B(0) at time 0, find a unique

solution u(t),B(t) to (Hall-MHD) (with η = 0) with such initial

data, that moreover depends continuously on the initial data.

Hall-MHD (without resistivity) was introduced in 1960, and has

received much attention in the plasma physics community.

However, the basic question of (local) wellposedness without

symmetry assumptions had not been addressed.

As we demonstrate in our work, the answer to this basic question

turns out to be strikingly rich and markedly different from related

models.
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Key difficulty: Conservation of energy & loss of a derivative

A fundamental property of (Hall-MHD) is conservation of energy:

E [u,B](t) =

∫
|u|2(t, x) + |B|2(t, x)dx .

On the other hand, the Hall current term incurs a derivative loss of

order 1, i.e.,

d

dt
E [∇u,∇B](t) ≤ C|∇u|,|∇B|

(
E [∇u,∇B](t) +

∫
|∇(2)B|2(t, x)dx

)
For this reason, previous mathematically rigorous investigations of

(Hall-MHD) were mostly carried out either with resistivity, which

gives rise to a strong regularizing term ∆B compensating for this

loss (cf. Chae–Degond–Liu, Chae–Lee, Chae–Wan–Wu,

Chae–Wolf, Dai, Danchin–Tan etc.) or in axisymmetry, in which

the second order terms vanish (cf. Chae–Weng, Jeong–Kim–Lee).
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Main results, simple versions

Our work demonstrates that:

• The derivative loss is unavoidable in certain cases. A striking

example is the class of regular, well-localized initial data near

the trivial solution (u,B) = 0 (the plasma is completely still).

• Nevertheless, the Cauchy problem is (locally) well-posed for

certain classes of initial data. An example is the class of initial

data near a nonzero constant (uniform) magnetic field, which

is the original set-up of Lighthill.
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Main results, simplest versions (continued)

We start with an illposedness result for initial data nearby the

trivial data:

Theorem 1 (Nonlinear illposedness)

For any ε > 0 and s > 7/2, there is an initial data set

(u(0),B(0)) such that

‖(u(0),B(0))‖Hs−1×Hs < ε,

but for which there is no corresponding solution to (Hall-MHD)

in the space L∞t ([0, δ];Hs−1 × Hs) for any δ > 0.

Here, for s ∈ N, ‖f ‖2
Hs =

∑s
j=0

∫
|∇(j)f |2 dx and

‖f ‖L∞t ([0,δ];X ) = supt∈[0,δ] ‖f ‖X .
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Main results, simplest versions (continued)

Some remarks are in order.

• The illposedness mechanism needs to respect the conservation

of energy, and thus it is necessarily different from other

well-known examples of hydrodynamic instabilities, such as

the Kelvin–Helmholtz, Rayleigh–Taylor and boundary layer

instabilities, in all of which each Fourier coefficient grows.

• In particular, unlike the previously mentioned instabilities, one

cannot avoid illposedness by working in analytic, or more

generally any Gevrey, class (i.e., no Cauchy–Kowalewski!).

• In our mechanism, the energy of the initial perturbation is

transferred to extremely small scales at a rate proportional to

the frequency of the initial perturbation.
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Main results, simplest versions (continued)

Let B̊ be a nonzero vector field pointing in the (say) x1-direction.

Theorem 2 (Nonlinear wellposedness)

For any s > 7/2, the Cauchy problem for (Hall-MHD) is

well-posed on the unit time interval for initial data (u(0),B(0))

such that

‖u(0)‖Hs+1 � 1, ‖B(0)− B̊‖Hs + ‖〈x1〉s(B(0)− B̊)‖L2 � 1.

In fact, we have stronger results which allow for less stringent decay

and no smallness condition, but their statements require more

concepts and definitions. I will return to this later, if time permits.
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Main insight: (Hall-MHD) as dispersive PDEs

Our basic insight is:

The Hall current term ∇× ((∇× B)× B) imparts quasilinear

dispersive character to the B-equation in (Hall-MHD).

A characteristic feature of a dispersive PDE is that a wave packet

solution (whose initial data are, e.g., a Gaussian ×e ix ·Ξ) travel at a

velocity that depends on the frequency Ξ.

Examples abound in nature: water wave equation, Maxwell’s

equation (light), compressible fluid dynamics (air), Einstein’s

equation (gravity), Schrödinger’s equation (wave function) etc.
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Linearization about a uniform magnetic field

To explain the main insight, we consider a perturbation of a

uniform (nonzero constant) magnetic field B̊. For simplicity, we

ignore the fluid velocity u from now on. Let B̊ = |B̊|∂x1 .

That is, we write B = B̊ + b, and rewrite (Hall-MHD) in terms of

b instead of B. Then the B-equation becomes

∂tb +∇× ((∇× b)× B̊) = · · ·

where we omitted terms of less importance (lower order or

nonlinear or involving u).

We are motivated to study the linearized equation obtained by

setting the RHS equal to zero:{
∂tb +∇× ((∇× b)× B̊) = 0,

∇ · b = 0.
(1)
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Linearization about a uniform magnetic field (continued)

Taking the Fourier transform (recall B̊ = |B̊|∂x1),

iτ b̂ − |B̊|ξ1(ξ × b̂) = 0, ξ · b̂ = 0.

For ξ 6= 0, the eigenvalues of the operator −ξ× are ±i |ξ| and 0;

let us denote by Π±(ξ) and Π0(ξ) the corresponding orthonormal

projections.

The condition ξ · b̂ = 0 shows that b̂ is orthogonal to the

0-eigenspace. Hence, b̂ splits into the sum of the orthogonal

projections b̂± = Π±(ξ)b̂ to the ±i |ξ|-eigenspaces, which obey

(τ ± |B̊|ξ1|ξ|)b̂± = 0.

Note that |B̊|ξ1|ξ| is real-valued! This equation is a dispersive

equation with the dispersion relation ω(ξ) = ±|B̊|ξ1|ξ|.
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Constant coefficient dispersive equation

Consider a dispersive equation with a dispersion relation ω(ξ), i.e.,

∂tu + ω(D)u = 0,

where ω̂(D)u = ω(ξ)û.

A wave packet of frequency ξ (think of e−|x−X (t)|2e ix ·ξ) follow, at

least for short times, the group velocity v(ξ) = ∇ω(ξ).

Plugging in ω(ξ) = ±|B̊|ξ1|ξ|, we see that

v(ξ) = ∇ω(ξ) = ±|B̊||ξ|
(

2ξ2
1 + ξ2

2 + ξ2
3

|ξ|2
,
ξ1ξ2

|ξ|2
,
ξ1ξ3

|ξ|2

)
.

Observe that the set of possible group velocities form a cone

around B̊ (anisotropic dispersion).
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Mechanism for wellposedness near a uniform magnetic field

We are now in position to explain the local smoothing effect, the

key regularizing effect responsible for Theorem 2.

Recall the group velocity for the dispersion relation ±|B̊|ξ1|ξ|:

v(ξ) = ±|B̊||ξ|
(

2ξ2
1 + ξ2

2 + ξ2
3

|ξ|2
,
ξ1ξ2

|ξ|2
,
ξ1ξ3

|ξ|2

)
.

Note that the x1-component of the velocity of a wave packet b of

frequency magnitude |ξ| = λ is of size ≈ |B̊|λ. Thus, highly

oscillating wave packets exit any slab of the form {a < x1 < b}
very quickly (in time ≈ |b−a|

|B̊|λ
), and eventually we are left only with

slowly oscillating wave packets, which are smooth!

In fact, if b̂(0, ξ) is supported in 1
C0
λ < |ξ| ≤ C0λ,∫ 1

0

∫
a<x1<b

|b|2 dxdt ≤ C
|b − a|
|B̊|λ

‖b(0)‖2
L2 . (2)
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Linearization around a general stationary magnetic field

Given a general stationary vector field (but not necessarily a

solution) B̊ = B̊(x), the equation for b = B− B̊ looks like

∂tb + B̊ · ∇(∇× b)︸ ︷︷ ︸
PB̊(x ,D)b+···

−(∇× b) · ∇B̊ +∇× (∇× B̊)× b) = 0. (3)

As in the case B̊ = const, the principal symbol (or dispersion

relation) PB̊(x , ξ) = −B̊(x) · ξ(ξ×) has three eigenvalues

±ipB̊(x , ξ) = ±iB̊ · ξ|ξ| and 0,

where the corresponding orthonormal projections are Π±(ξ) and

Π0(ξ) (exactly the same as before).
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Principal diagonalization, classical-quantum correspondence

As before, the principal part of the linearized equation can be

diagonalized by looking at b± = Π±(D)b, which solve the

equations

∂tb± ± B̊ · ∇|D|b± = · · ·

where |̂D|u := |ξ|û(ξ).

The physical and frequency space centers (X ,Ξ)(t) of a wave

packet solution (think of e−|x−X (t)|2e ix ·Ξ(t)) to each equation

follow the Hamiltonian ODE (or bicharacteristic equation):{
Ẋ (t) = ±∇ξpB̊(x , ξ),

Ξ̇(t) = ∓∇xpB̊(x , ξ),

where pB̊(x , ξ) = B̊ · ξ|ξ|. This is the classical-quantum

correspondence (or geometric optics) for (Hall-MHD).
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Ideas behind illposedness



Proof of illposedness: Initial reductions

The basic idea is to take the initial data to be of the form

B(0) = B̊ + b(0),

where B̊ is a suitably small and regular stationary solution and

b(0) is even smaller, localized and highly oscillating perturbation.

This way, we essentially reduce the problem to that of showing

instantaneous blow-up of the Hs -norm of the corresponding

solution to the linearized equation about B̊.

We further assume that b(0) is a wave packet (think of

b(0) = εe−|x−X0|2e ix ·Ξ0), and just try to prove an arbitrarily fast

growth of the Hs -norm of the solution to the linearized equation

about B̊ (norm inflation). We can return to the desired B(0) by

superposition of infinitely many such configurations with

unbounded growth rates.
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Mechanism for norm inflation – Using classical-quantum corre-

spondence

To recap, we want to show that, for a suitable choice of B̊ and

b(0), the corresponding solution b = B− B̊ “grows rapidly”.

However, because of conservation of energy, we know that

‖b(t)‖2
L2 =

∫
|b(t)|2 dx cannot grow indefinitely. Instead, we aim

for growth of all higher Sobolev norms ‖b(t)‖2
Hs with s > 0.

Classical-quantum correspondence tells us that

b ≈ εe−|x−X (t)|2e ix ·Ξ(t), where (X ,Ξ)(t) solves the Hamiltonian

ODE. To ensure growth of Hs -norms with s > 0, our aim is:

To find a stationary solution (0, B̊) to (Hall-MHD) and a solution

to the associated Hamiltonian ODE with a rapid growth of |Ξ(t)|.
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A class of stationary solutions

(Hall-MHD) admits a (remarkably) large class of stationary

solutions of the form (u,B) = (0, B̊). Among these, if we impose

regularity, planarity and an additional symmetry, then we are

(essentially) left with

B̊ = f (y)∂x , f (r)∂θ =
(
f (
√
x2 + y2)(x∂x − y∂y )

)
.

We identity an instability mechanism near any linear codimension-1

degeneracy (i.e., f (y0) = 0 and f ′(y0) 6= 0) of such solutions.
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Model example: Hamiltonian ODE for B̊ = y∂x

To illustrate the instability mechanism, we take the simplest case

of B̊ = y∂x . Due to translation invariance, Ξx and Ξz are

conserved. Moreover, p(X ,Ξ) = y(X )Ξx |Ξ|, which is just the

Hamiltonian, is also conserved.

As a consequence y(X )|Ξ| is conserved. Thus to force the growth

of |Ξ|, we want to find a solution to the Hamiltonian ODE that

behaves as follows:

x

y

1

0

X (t)
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Model example: Hamiltonian ODE for B̊ = y∂x , cont.

In fact, thanks to the existence of three conserved quantities, the

Hamiltonian ODE is completely integrable! Take for instance

X (0) = (0, 1, 0) and Ξ(0) = (λ,−λ, 0) for λ > 0; explicit

integration gives

Ξy (t) = −λ sinh(λt + ln(1 +
√

2)) ' λeλt ,

y(t) =
cosh(ln(1 +

√
2))

cosh(λt + ln(1 +
√

2))
' e−λt .

Observe that the same heuristic argument applies to any linear

codimension-1 degeneracy (i.e., f (y0) = 0 and f ′(y0) 6= 0) of

stationary solutions of the form

B̊ = f (y)∂x , f (r)∂θ.

Moreover, the latter can be made to be compactly supported in R2!
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Proof of norm inflation – Remaining challenges

Now, the idea is to construct approximate wave packet solutions to

the linearized system that follows the behavior of such (X ,Ξ)(t)’s,

so that

‖b(t)‖Hs ≈ esλt‖b(0)‖Hs .

Next, we need to show that any possible solutions to the linear

equation with the same initial data, as well as those to the full

linear equation (coming from contradiction), exhibit a similar

behavior. For this purpose, a key idea is to use a duality argument,

which was inspired by the method of testing by wave packets of

Ifrim–Tataru.

These steps lead to the desired norm inflation result in the

(2 + 1
2 )-dimensional case (i.e., the solution is independent of z). A

final localization argument in z is needed to complete the proof

(forthcoming). 23



Outlooks

• Degeneracy of the dispersion relation also arise in other PDEs

of physics; compactons (Rosenau et al), sedimentation,

magma dynamics etc. See also Craig–Goodman, Ambrose

–Simpson–Wright–Yang, Germain–Harrop-Griffiths–Marzuola,

Harrop-Griffiths–Marzuola etc. Our techniques can be applied

to show similar ill-posedness results in high Sobolev spaces for

such equations (forthcoming).

• Our instability mechanism rapidly transfers energy into smaller

scales, which dissipates energy at faster rates when the

resistivity η is positive. This is a possible mechanism for

enhanced/anomalous dissipation, which may be connected to

physical problems from which Hall-MHD originated (magnetic

reconnection).
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Geometric conditions for

wellposedness



A geometric condition for linear wellposedness

We now seek a geometric condition on a stationary solution that

prevents the instability of the linearized equation.

Theorem 3 (Main linear result)

Let (0, B̊) be a smooth stationary solution to (Hall-MHD), and

let S [∇B̊] = 1
2 (∇B̊ + (∇B̊)>). Assume that |B̊|−1|S [∇B̊]| is

uniformly bounded and at each point

S [∇B̊]|B̊⊥ = 0 (i.e., S [∇B̊]jkvjwk = 0 for B̊kvk = B̊kwk = 0).

(4)

Then the linearization of (Hall-MHD) around (0, B̊) is well-posed

in H∞ × H∞.

Although (4) seems complicated, it can be checked that

B̊ = f (y)∂x and f (r)∂θ satisfy it as long as f is uniformly smooth

and uniformly bounded from below (cf. the norm inflation result!).
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Main ideas

The quantity S [∇B̊] arises naturally from the computation of

|Ξ(t)| at the level of the Hamiltonian ODE:

d

dt
|Ξ| = ∓S [∇B̊]jk(X )ΞjΞk . (5)

If S [∇B̊](X ) = 0, then |Ξ| remains unchanged; but this only

happens if B̊ is either a translation or a rotation vector field.

We use in addition the conservation of pB̊ = B̊(X ) · Ξ|Ξ| along the

flow, which is effective for Ξ in the direction parallel to B̊. Thus

we can prove that |Ξ| remains bounded along any bicharacteristic

only under (4).

The analysis at the level of the Hamiltonian ODE may be lifted to

the linear PDE using pseudodifferential calculus and the energy

identity.
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A geometric condition for nonlinear wellposedness

Recall that, in the case B̊ = |B̊|∂x1 , key to the proof of (nonlinear)

local wellposedness was the local smoothing estimate, which read:∫ 1

0

∫
a<x1<b

|Pλb|2 dxdt ≤ C
|b − a|
|B̊|λ

‖b(0)‖2
L2 .

We now seek for a general condition for the initial data, under

which we retain the local smoothing effect (and thus would imply

local wellposedness) for the linearized equation (about the low

frequency part of the initial data).

Our key concept is that of a compatible foliation and asymptotic

uniformity.
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Compatible foliation

A compatible foliation plays the role played by the function x1 in

the case B̊ = ∂x1 in a more general setting:

Definition 4

A smooth function ρ : Rt × R3
x → R is called a compatible

foliation with respect to B if the following hold:

• (nondegeneracy and completeness) inf |dρ| > 0 and ρ is onto;

• (speed bounds) 0 < inf B(dρ) ≤ sup B(dρ) <∞;

• (transversality) sup
∣∣∣∠( B

|B| ,
∇ρ
|∇ρ|

)∣∣∣ < tan−1 1
2
√

2
.

These conditions ensure that d
dt ρ(X ) ' |Ξ| along any

bicharacteristic (X ,Ξ)(t).
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Asymptotic uniformity (continued)

We say that B is asymptotically uniform if there exist a compatible

foliation ρ and nonzero uniform magnetic fields B(+) and B(−)

such that the followings holds:

χ±(ρ)(B− B(±)) ∈ `1
ρ∗I`

∞
QHs ,

χ±(ρ)(B− B(±)) ∈ `1
ρ∗I`

∞
QHs ,

where χ+ is a smooth cutoff that equals 1 on [ 1
2 ,∞) and 0 on

(−∞,−1
2 ], and χ− = 1− χ+.

Here, the space `1
ρ∗I`

∞
QHs is a refinement of Hs with stronger

decay as ρ→ ±∞, with no decay in the directions tangential to ρ,

which is yet translation-invariant (cf. Marzuola–Metcalfe–Tataru).
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Asymptotic uniformity (continued)

More precisely, denote by Qλ the partition of R3 into cubes of

sidelength λ, and

‖u‖`∞Q L2
λ

:= sup
Q∈Qλ

‖χQu‖L2 .

Let Iλ be the partition of R into intervals of sidelength λ, and

‖u‖`1
ρ∗I`

∞
Q L2

λ
:=
∑
I∈I

sup
Q∈Qλ

‖χI(ρ)χQu‖L2 .

We introduce

‖u‖2
`∞QHs =

∑
λ∈2N0

(
λs‖Pλu‖`∞Q L2

λ

)2
,

‖u‖2
`1
ρ∗I`

∞
QHs =

∑
λ∈2N0

(
λs‖Pλu‖`1

ρ∗I`
∞
Q L2

λ

)2
.

Motivation for these definitions come from |Ẋ | . λ for |Ξ| ' λ.

30



Main nonlinear local wellposedness results

Our main nonlinear local wellposedness result for (Hall-MHD) is as

follows:

Theorem 5 (Forthcoming)

The Cauchy problem for (Hall-MHD) is locally well-posed for

initial data (u(0),B(0)), where B(0) is asymptotically uniform

with s > 7
2 and u(0) ∈ `∞QHs+1.

Our proof builds on prior works on local wellposedness of variable

coefficient and quasilinear dispersive equations, by Mizohata,

Ichinose, Craig–Kappeler–Strauss, Kenig–Ponce–Vega,

Kenig–Ponce–Rolvung–Vega, Marzuola–Metcalfe–Tataru etc. But

new ideas were required to handle the non-ellipticity of the

principal symbol pB̊ at the above regularity (barely enough to make

the Hamiltonian ODEs well-posed via Picard–Lindelöf!). 31



Outlooks

• The wellposedness result (Theorem 5) rigorously justifies the

feasibility of using (Hall-MHD) in regimes that include the

original setting considered by Lighthill (near a uniform

magnetic field). An exciting next direction is to try to

rigorously derive (Hall-MHD) without resistivity from more

fundamental equations of plasma physics.

• Very recently, Marzuola–Metcalfe–Tataru proved local

wellposedness of the Cauchy problem for a quasilinear

Schrödinger equation under nontrapping and asymptotically

flat assumptions with the same regularity requirement. The

difficulty we had to resolve in the case of (Hall-MHD) was

‘transversal’; the existence of a compatible foliation is much

stronger than nontrapping, but the principal symbol pB̊ is not

elliptic. Possibility of combining the two?
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Thank you for your attention!
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